The Wen-Wu c = −2 model describes the d-wave paired singlet factor of the Haldane-Rezayi (quantum Hall) wave function in terms of an SU(2) doublet of dimension 1 fermions ψ σ (z). The resulting CFT involves an infinite sequence of Virasoro primary fields. The superalgebra S ds generated by ψ σ , on the other hand, admits a set of ground state representations giving rise to a rational c = −2 CFT. We compute the corresponding S ds characters as well as the characters of the bosonic subalgebra in the Z 2 twisted sector and write down a modular invariant partition function for the ensuing 2-dimensional conformal theory.
Introduction
The Haldane-Rezayi [1] wave function for the quantum Hall state with filling fraction m + z ij = z i − z j , m is an even integer (m ∈ 2N) while the d-wave spin-singlet part Φ ds is skewsymmetric in (z 1 , z 2 , . . .) and in (w 1 , w 2 , . . .) separately. It has been analyzed from a conformal field theory (CFT) point of view in [2, 3, 4] . Wen and Wu [3] proposed an intriguing realization of the factor Φ ds as a correlation function of a pair of anticommuting fields ψ σ (z), σ = ±1/2 (or σ = ± for short) of dimension ∆ ψ = 1 which generate a chiral superalgebra S ds . Studying, in particular, the 4-point function Unlike the minimal models [5] which involve a finite number of primary fields
in our case, corresponding to p = 1, p ′ = 2 , r, s are allowed to take all positive integer values. The lowest energy state |∆ r,s admits a singular vector at level r.s. In particular, the state |∆ 2,1 , σ generated from the vacuum by ψ σ satisfies
One easily verifies the resulting second order differential equation for the 4-point function (1.3). The SU(2)×SU(2) type fusion rules,
imply that if the theory contains a field of non-zero dimension (like ψ σ ) then it contains an infinite series of primary fields of Vir. The objective of this paper is to construct a complete set of ground state representations of the chiral superalgebra S ds which give rise to a rational c = −2 CFT. This means that their (super)characters span a finite dimensional (irreducible) representation of the modular group SL(2, Z), and hence, give rise to a modular invariant partition function Z ds . The partition function for the full CFT which reproduces the homogeneous factor of the state vector Φ HR (1.1) is then obtained as a product of Z ds with the known partition function of the corresponding u(1) current algebra model [6] - [10] . (In fact, all weak -as well as physical -modular invariants of an arbitrary lattice current algebra -which are relevant, according to [11, 12] for a quantum Hall system -have been classified in [10] .)
Invariance under the modular inversion S forces us to complement the S ds vacuum module by a Z 2 twisted one V T in which ψ σ is no longer single valued:
Here γ F is the fermion parity automorphism defining the Z 2 grading of the superalgebra S ds . The γ F -invariant subalgebra A ds of single valued bosons is generated by an SU(2) triplet V a of local fields of dimension ∆ 3,1 = 3. The automorphism γ F is implementable in the twisted sector:
The space V T splits into a direct sum of two eigen-subspaces of Γ which also appear as irreducible A ds -modules:
The extension of Γ to the vacuum sector as well as the requirement of modular invariance of the theory yield a doubly degenerate "vacuum"
The outcome is both surprising and remarkable: the characters of the extended c = −2 chiral algebra are identical with those of the c = 1 CFT of free charged fermions. Hence the modular invariant partition functions of the two models also coincide although the corresponding correlation functions are quite different.
We start in Sec. 2 by defining more precisely the chiral superalgebra S ds and exhibiting its operator product expansion structure (reviewing on the way the relevant results of [3, 4] ). In Sec. 3 we compute the (specialized) characters of V r,2 and V ± 0 .
The chiral superalgebra S ds and its ground state representations
The local superalgebra S ds is generated by the pair of dimension 1 Fermi fields ψ σ (z) satisfying the (free field) anticommutation relations
Here δ ′ is the derivative of the complex variable δ-function
(for reviews see [13, 14] ). The presence of the skew symmetric tensor ε σρ in the right hand side of Eq. (2.1) signals the invariance of the defining superalgebra relations with respect to a (global) SU(2) group acting on the spin indices σ, ρ [3, 4] . We postulate that the correlation functions in the vacuum sector V 0 are SU(2) invariant. The 2n-point functions (like (1.3)) are then expressed as antisymmetrized products of 2-point functions
3)
The knowledge of the 4-point function is sufficient to deduce an operator product expansion (OPE) of the form
(cf. Sec. 3.5 of [13] and Appendix A to [15] ). Here T is the stress energy tensor, V a is a spin 1 primary field of dimension 3, Λ is the (symmetric) normal square of T defined by the OPE
The reminders R σ+ρ and S in Eq.(2.4) are orthogonal to the preceding terms (in the sense of vacuum expectation values),
and have finite limits for z = w . Comparing the T term in Eq. (2.4) with the standard OPE for a field of dimension ∆ = 1 we find (following [3] ) that
This also agrees with the Λ term in Eq. (2.4) whose coefficient is, in general,
. The coefficient to the V ρ+σ contribution in Eq.(2.4) corresponds to the normalization
The negative definiteness of the 2-point functions of T and V a exhibits the fact that the CFT with c = −2 is not unitary. As noted, this theory involves an infinite number of Virasoro primary fields of dimension ∆ r,s (1.4). The odd part of the chiral superalgebra is spanned by the Fermi fields φ 2n,1 of (integer) dimensions: − 1) (= 1, 6, 15, . . . for n = 1, 2, 3 , . . .)
Its even part is spanned by the Bose fields φ 2n+1,1 of dimensions + 1) (= 0, 3, 10, . . . for n = 0, 1, 2, . . .) .
(2.8)
The identity ∆ r+s,2s+1 = ∆ r,1 implies that there are no other integer dimensions in the series (1.4). The fusion rules (1.6) tell us, on the other hand, that the even part A ds of S ds is generated by the primary field of dimension ∆ 3,1 = 3 . Comparison with the OPE (2.4) shows that it should be identified with the spin triplet V a . The single valuedness automorphism
(which is independent of the constant ∆ ) acts trivially on S ds in the vacuum sector V 0 . As a result, the normally valid equality between γ F and γ 2π is violated in V 0 . We shall construct a Z 2 twisted sector V T of the chiral superalgebra in which the normal relation γ F = γ 2π is restored so that
This will establish the existence of a fermion parity operator Γ on V T which (implements γ F and) coincides there with e 2πi(L 0 −∆) , ∆ being the minimal energy eigenvalue in the sector. Thus, in the non-unitary CFT under consideration the role of the twisted and untwisted representations is reversed as compared to a standard orbifold model (cf. [16, 17] and references therein).
We look, more specifically, for a lowest weight ∆ T = ∆ such that the Vir module V(∆) is transferred by the action of ψ σ into V(∆ + 1 2 ), so that
The expectation value of the product of two ψ fields in a state |∆ is determined by the knowledge of its singularities and by the first term of the OPE (2.4): . Viewed as an A ds module the twisted sector V T of the superalgebra S ds splits into a Γ-even and a Γ-odd irreducible components according to Eq. (1.9). Each of the resulting modules is an infinite direct sum of Vir×SU(2) representation spaces; for instance, 
(2.14)
hence parity conservation implies that the c = −2 "vacuum" should be degenerate: it consists of a parity doublet:
To summarize: the chiral algebra of single valued fields shrinks, S ds →A ds , when we pass from the vacuum to the twisted sector. We end up with a CFT involving 4 ground state modules: the two "vacuum" S ds modules (2.15) and the two (twisted) A ds modules: the lowest energy space V 1,2 and the Γ-odd space V 2,2 of Eq. (2.13).
3 Characters of the irreducible S ds and A ds modules, modular properties, partition function
The Laurent mode expansion of ψ σ depends on the sector: if we set
For both values of ∆ the ψ-modes obey the c-number anticommutation relations
The Virasoro generators
for the stress energy tensor
(determined by Eq. (2.4)) are expressed in terms of the ψ-modes; we have, in particular,
We shall compute its partition function in the two S ds modules using the Kubo -Martin -Schwinger (KMS) boundary condition for temperature states (< A > β = tr(Ae −L 0 β )/tr e −L 0 β ):
Here α t is the time evolution automorphism of the chiral superalgebra, α t B = e iL 0 t Be −iL 0 t , β is the inverse temperature. (The KMS condition was used before to compute the mean value of the energy in a temperature state in ref. [9] .) Combining Eq. (3.5) for A = ψ ν , B = ψ −ν and using (3.2) and (3.4) we obtain
ln χ ∆ we find the chiral partition functions (or characters )
where ∆ = 0 or − 1 8 , c = −2 , q = e 2πiτ , β = 2π Im τ > 0. (3.8) Using the Jacobi triple product formula (Exercise 12.1 of [18] ) we can express the characters (3.7) in terms of classical Θ-functions:
Here η is the Dedekind η-function, while K l (τ, m) are the c = 1 characters of refs. [6, 8] :
In writing the last equations (3.9,3.10) we used the identities
(3.12)
for l = 1/2 and 0, m = 1, as well as
and K 2 (τ, 4) appear (in (3.10)) as the characters of the A ds modules V 1,2 = V − 1 8
and V 2,2 = V3
8
. We note that product formulae of type (3.7) (without the q −c/24 factor) also appear in the recent preprint [19] .
The resulting characters only span a representation of the modular group SL(2,Z) if we do introduce the parity doubling of V 0 discussed at the end of the last section. This is been understood as follows in terms of the vacuum sector 0-modes of ψ. There are two SU (2) ′ |0 ′ = 0. We shall demand, symmetrically, that |0 is isotropic while the (0-modes saturated) mixed inner product is 1:
Then we define vacuum expectation values by
( A 0 can only be non-zero for A ∈A ds ). We can now reproduce the vacuum sector multiplicities coded by the pair of characters K ±1 (τ, 4) if we assume -following [19] -that V 0 is spanned by even in the ψ-modes vectors:
Remarkably the four characters K l (τ, 4), l ∈ Z/4Z coincide exactly with the characters of the c = 1, u(1) current algebra theory involving a free complex Weyl field of dimension 1 2 . (The alternative of introducing the A ds vacuum modules of lowest weight 0 and 1 with characters 1 2 (K 1 (τ, 4)±η 2 (τ )) -see [19] -leads under S-transformation to characters The expression for S makes it natural to regard ∆ 0 = − 1 8 as the ground state of the theory since only then S 0λ (= 
